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Heat-charge mixed noise and thermoelectric efficiency fluctuations
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The close relationship between the noise and the thermoelectric conversion is studied in a quantum
dot using a quantum approach based on the non-equilibrium Green function technique. We show
that both the figure of merit and the efficiency can be written in term of noise and we highlight
the central role played by the correlator between the charge current and the heat current that we
call the mixed noise. After giving the expression of this quantity as an integral over energy, we
calculate it, first in the linear response regime, next in the limit of small transmission through the
barriers (Schottky regime) and finally in the intermediate regime. We discuss the notion of efficiency
fluctuations and we also see here that the mixed noise comes into play.
I. INTRODUCTION
The adage “the noise is the signal” enunciated by
Landauer1 has been proved many times. In the domain
of electric transport for example, zero-frequency noise
gives the dc conductance in the linear regime and also
gives access to the charge of the carriers in the weak
transmission regime via the Schottky relation, whereas
finite-frequency noise gives the ac conductance via the
fluctuation-dissipation theorem. One of the beautiful
illustrations of this was the measurement of the frac-
tional charge of a two dimensional electron gas in the
fractional quantum Hall regime2,3. There are numer-
ous studies on charge current noise in quantum system,
both theoretically4–9 and experimentally10–20, which re-
mains a very active field. Moreover, in the recent
wave of quantum heat transport studies, several works
are devoted to the statistic of the heat21–25, to the
heat current noise both at zero-frequency26,27 and finite-
frequency28–30, and to the heat fluctuations in driven co-
herent conductors31,32.
So far very few works have been devoted to the corre-
lations between the charge and heat currents33,34 that
we call the mixed noise. This lacuna needs to be
filled, even through there are some recent works in that
direction35–37. In addition to the characterization of such
a “new” quantity, our objective was to find which kind of
information can be extracted from the mixed noise. For
this, we have calculated the correlator between the charge
current and the heat current for a two terminal quan-
tum dot system using the non-equilibrium Green func-
tion technique and we have studied its possible relation
with quantities such as the thermoelectric efficiency and
the figure of merit. Indeed, it turns out that this quantity
plays an important role in the quantification of the ther-
moelectric conversion which is a hot topic nowadays38–42.
This paper is organized as follows: in Sec. II, we
present the system, we give the definition of the mixed
noise and we describe the method to calculate it for a
quantum dot. We give its expression in Sec. III, we dis-
cuss the conservation rules and we give the explicit ex-
pressions of the figure of merit and efficiency, first in the
linear response regime (Sec. III.A), second in the Schot-
tky regime (Sec. III.B) and third in the intermediate
regime (Sec. III.C). We consider the issue of the ther-
moelectric efficiency definition for a fluctuating system
in Sec. IV, and conclude in Sec. V.
II. SYSTEM, DEFINITION AND METHOD
We have a single level quantum dot connected to two
reservoirs with distinct chemical potentials µL,R and
temperatures TL,R as depicted on Fig. 1. The Hamil-
tonian contains four parts: H = HL +HR +Hdot +HT ,
whereHp=L,R =
∑
k∈p εkc
†
kck is the energy of the left (L)
and right (R) reservoirs,Hdot = ε0d
†d is the energy of the
dot, and HT =
∑
p=L,R
∑
k∈p Vkd
†ck + h.c. corresponds
to the transfer of one electron from the reservoirs to the
dot and vice versa. c†k (d
†) and ck (d) are respectively
the creation and annihilation operators in the reservoirs
(dot).
FIG. 1: Schematic picture of a single level quantum dot
connected to two reservoirs with distinct chemical poten-
tials µL,R and temperatures TL,R. The voltage and temper-
ature gradients are respectively given by eV = µL − µR, and
∆T = TL − TR. We also define the average temperature
T0 = (TL + TR)/2.
In a similar way to the standard definitions of the
charge current noise, SIIpq , and heat current noise, SJJpq ,
we define the mixed noise as the zero-frequency Fourier
transform of the correlator mixing the charge current in
2the p reservoir and the heat current in the q reservoir:
SIJpq =
∫ ∞
−∞
〈δIˆp(0)δJˆq(t)〉dt , (1)
where δIˆp(t) = Iˆp(t) − 〈Iˆp〉 and δJˆp = Jˆp(t) − 〈Jˆp〉 are
the charge and heat current deviations from their aver-
ages. The charge and heat current operators43 are de-
fined through Iˆp(t) = −eN˙p(t) and44,
Jˆp(t) = Iˆ
E
p (t)− (µp/e)Iˆp(t) , (2)
with Nˆp, the electrons number operator and Iˆ
E
p =
−dHp/dt, the energy current operator, both associated
to the reservoir p. A direct calculation gives:
Iˆp(t) =
ie
~
∑
k∈p
(Vkc
†
kd− V ∗k d†ck) , (3)
and,
Jˆp(t) =
i
~
∑
k∈p
(εk − µp)(Vkc†kd− V ∗k d†ck) . (4)
When one inserts these expressions of charge and heat
current operators in Eq. (1), one obtains a correlator with
four operators, i.e., a two-particles Green function, mix-
ing the creation and annihilation operators of reservoirs
and quantum dot, which can be expressed in terms of the
two-particles Green function of the dot only. Next, using
decoupling45 which applies for a non-interacting system
(via the Wick’s theorem), one can rewrite the mixed noise
in terms of single-particle dot Green functions.
III. MIXED NOISE
Assuming to be in the wide-band limit and performing
a Fourier transform in order to replace the time integra-
tion by an energy integration, we finally obtain the ex-
pression of the zero-frequency mixed noise35 in terms of
transmission coefficient T and Fermi-Dirac distribution
function fp:
SIJpq = (2δpq − 1)
e
h
∫ ∞
−∞
(ε− µq)F(ε)dε , (5)
with
F(ε) = T (ε)
[
fL(ε)
[
1− fL(ε)
]
+ fR(ε)
[
1− fR(ε)
]]
+T (ε)[1− T (ε)][fL(ε)− fR(ε)]2 , (6)
and fp(ε) = [1 + exp((ε − µp)/(kBTp))]−1. The ex-
pression of the mixed noise given by Eq. (5) resem-
bles the expression of the charge noise: SIIpq = (2δpq −
1)e2h−1
∫∞
−∞
F(ε)dε, with an additional factor (ε − µq).
We recall that for the heat noise, we have: SJJpq =
(2δpq − 1)h−1
∫∞
−∞
(ε− µp)(ε− µq)F(ε)dε.
In the absence of any time-dependent excitation, i.e.,
in the stationary regime, the total number of electrons is
conserved: 〈N˙L〉+ 〈N˙R〉 = 0 which leads immediately to
the cancellation of the total charge current: 〈IˆL〉+〈IˆR〉 =
0. Such a cancellation does not apply for the total heat
current, indeed from Eq. (4) we have:
〈JˆL〉+ 〈JˆR〉 = −〈E˙L〉 − 〈E˙R〉+ µL〈N˙L〉+ µR〈N˙R〉
= (µR − µL)〈IˆL〉/e = V 〈IˆR〉 , (7)
since 〈E˙L〉 + 〈E˙R〉 = 0 (energy conservation), where V
is the bias voltage between the left and the right reser-
voirs. The total heat current is non-zero in the junction
because of heat dissipation (Joule effect) at the contact
resistances between the dot and the reservoirs. How-
ever, Eq. (7) is consistent with the power conservation:
〈Pˆ th〉 = 〈Pˆ el〉, since it is an equality between the average
values of the thermal power, Pˆ th = JˆL + JˆR, and the
electric power, Pˆ el = V IˆR.
We turn now our interest to the fluctuations conserva-
tion. Taking the double sum on the reservoirs, we obtain∑
p,q∈[L,R] SIJpq =
∑
p,q∈[L,R] SIIpq = 0 and,∑
p,q∈[L,R]
SJJpq = V 2SIIpq . (8)
The total mixed noise cancels as it is the case for the
total charge noise, whereas the total heat noise does not
cancel. However, Eq. (8) can be interpreted as a power
fluctuations conservation. Indeed it can be rewritten as
an equality between the thermal power fluctuations and
the electric power fluctuations, that is:∫ ∞
−∞
〈Pˆ th(t)Pˆ th(0)〉dt =
∫ ∞
−∞
〈Pˆ el(t)Pˆ el(0)〉dt . (9)
In the following, we exploit the result given by Eq. (5)
by studying its limits in three distinct regimes: first, in
the linear regime for voltage and temperature gradients
much smaller than the other characteristic energies of the
sample (linear response), second, far from equilibrium for
a weak transmission coefficient (Schottky regime), and
third, in the intermediate regime.
A. Linear response
Bulk thermoelectric devices operate mostly in the lin-
ear response regime. In this regime, the charge current is
the same in both reservoirs in absolute value (we remove
the reservoir index) and is proportional to the voltage
and temperature gradients. The same applies for the
heat current. Thus, the charge and heat currents are
given by the matrix equation:
( 〈Iˆ〉
〈Jˆ〉
)
=
(
G GS
ΠG K +ΠSG
)(
V
∆T
)
, (10)
3where G and K are the electric and thermal conduc-
tances, S and Π are the Seebeck and Peltier coefficients.
These two last quantities obey the Onsager relation,
Π = ST0, where T0 is the average temperature of the
sample. To derive the maximum of efficiency of the sys-
tem, one needs first to express the voltage and the heat
current in term of the charge current and temperature
gradient:(
V
〈Jˆ〉
)
=
(
G−1 −S
ST0 K
)(
〈Iˆ〉
∆T
)
. (11)
The macroscopic efficiency46 of a thermoelectric device
is defined as the ratio between the average output power
and the average input power:
ηM =
〈Pˆ out〉
〈Pˆ in〉 , (12)
where 〈Pˆ in〉 and 〈Pˆ out〉 are given either by the ther-
mal power or by the electrical power depending on the
thermoelectric device one considers, i.e., electric gener-
ator or refrigerator. To find the maximum of efficiency,
we look for the zero of the derivative of Eq. (12) ac-
cording to the charge current. It leads to the equation
ST0〈Iˆ〉2 + 2K∆T 〈Iˆ〉 − SKG∆T 2 = 0, whose solution
reads as:
〈Iˆ〉 = K∆T
ST0
(√
1 + ZT0 − 1
)
, (13)
where the figure of merit is defined by ZT0 = S
2T0G/K.
When inserted in the expression of the efficiency given
by Eq. (12), this allows us to write the maximum of effi-
ciency under the form:
ηmax = ηC
√
1 + ZT0 − 1√
1 + ZT0 + 1
, (14)
with ηC = ∆T/T0, the Carnot efficiency.
In the linear response regime, we have eV ≈ kB∆T ≈ 0
which gives fL(ε) ≈ fR(ε): the second line in Eq. (6)
is thus negligible, whereas the terms of the first line in
Eq. (6) lead to contributions for the noises that are pro-
portional to the derivative of the charge or of the heat
currents according either to the voltage or to the tem-
perature gradient. This leads to the following relation
between the noises and the conductances:
SII = 2kBT0G ,
SIJ = SJI = −2kBT 20SG , (15)
SJJ = 2kBT 20 (K + S2T0G) .
These results are in agreement with the fact that the
fluctuation-dissipation theorem holds for every type of
noise. Note that the p and q indexes have been removed
in Eq. (15) since the absolute values of the noises are
identical in amplitude in both reservoirs in the linear re-
sponse regime. From these results, one can extract the
expressions of the conductances in term of noises:
G =
SII
2kBT0
,
S = − S
IJ
T0SII , (16)
K =
1
2kBT 20
(SIISJJ − (SIJ )2
SII
)
.
Finally, the thermoelectric figure of merit can be ex-
pressed fully in terms of noises such as35:
ZT0 =
(SIJ )2
SIISJJ − (SIJ )2 . (17)
Note that thanks to the Cauchy-Swartz inequality, we
have (SIJ )2 ≤ SIISJJ , which ensures a positive and non-
diverging ZT0 (provided that K is non-zero). Moreover,
a vanishing mixed noise SIJ leads to the cancellation of
the figure of merit and of the efficiency.
B. Schottky regime
By reducing the dimension of the thermoelectric de-
vice, there is a great chance to leave the linear response
regime, in particular when one operates in the limit of
a weak transmission through the barriers, T (ε) ≪ 1.
In that case, the noises are proportional to the currents
(Schottky regime). Indeed, one can neglect the T 2 con-
tribution in Eq. (6) and show that:
SIILR = Ce〈IˆR〉 , (18)
SIJLR = Ce〈JˆR〉 = C(ε0 − µR)〈IˆR〉 , (19)
SJJLR = C(ε0 − µL)〈JˆR〉 , (20)
where C = coth[(ε0−µR)/2kBTR−(ε0−µL)/2kBTL] is a
temperature factor which is equal to the unit at TL,R = 0,
and:
〈IˆL,R〉 = ± e
h
∫ ∞
−∞
[fL(ε)− fR(ε)]T (ε)dε , (21)
〈JˆL,R〉 = ± 1
h
∫ ∞
−∞
(ε− µR)[fL(ε)− fR(ε)]T (ε)dε .
(22)
Thus, in the same way and for the same reason that the
charge noise is proportional to the charge current, the
mixed noise is proportional to the heat current.
Far from the linear response regime, the figure of merit
is no longer the relevant parameter to quantify thermo-
electric conversion and one has rather to come back to the
efficiency definition, i.e., the ratio between the averages of
output and input powers. According to the thermoelec-
tric engine that one wants to build, the powers are given
either by the product between charge current and voltage
or directly by the heat current. In general, it is not pos-
sible to connect these quantities to the noises. However,
4in the Schottky regime, i.e., in the weak transmission
regime, the currents can be written as (see Eqs. (18) and
(19)):
〈IˆR〉 = (Ce)−1SIILR , (23)
〈JˆR〉 = (Ce)−1SIJLR . (24)
By calculating the difference between Eqs. (19) and
(20), one can find the expression of the voltage in term
of currents and noises, that is V = SIJLR/(Ce〈IˆR〉) −
SJJLR/(Ce〈JˆR〉). Using Eqs. (23) and (24), it becomes V =
SIJLR/SIILR−SJJLR/SIJLR. Finally, the macroscopic efficiency
of a thermoelectric refrigerator, ηM = |〈JˆR〉/(V 〈IˆL〉)|,
reads as35:
ηM =
(SIJLR)2
|SIILRSJJLR − (SIJLR)2|
. (25)
FIG. 2: (a) Auto-ratio of noises, (b) cross-ratio of noises, and (c) thermoelectric efficiency as a function of voltage V for
µR = −eV/2, µL = eV/2, kBT0/ε0 = 0.001, and ∆T = 0. At weak Γ (black curve), the cross-noise ratio and the efficiency fit
together, in agreement with Eq. (25). When Γ increases (red and green curves), the profiles of these two quantities differ since
the device no longer works in the Schottky regime. The profile of the auto-ratio noise has nothing to do with the two other
quantities, even for weak Γ.
Note that the temperature factor C does not appear
in the final expression of the efficiency since there is an
exact compensation. It means that Eq. (25) is valid
whatever the temperature is, provided that the device
still operates in the Schottky regime. A crucial aspect
in Eq. (25) is the fact that the ratio of cross-noises,
i.e., the correlators between distinct reservoirs (L and
R) must be considered, otherwise the value that we
get does not correspond to the efficiency. As a graphi-
cal proof, taking a Breit-Wigner transmission coefficient:
T (ε) = Γ2/[(ε− ε0)2 +Γ2] with Γ the dot energy widen-
ing due to the coupling to the reservoirs, three quantities
are plotted in Fig. 2 from left to right: the auto-ratio
of noises, the cross-ratio of noises and the efficiency. As
stated by Eq. (25), the cross-ratio of noises and the effi-
ciency coincide at low transmission T , i.e., in the Schot-
tky regime (compare the black curves corresponding to
Γ/ε0 = 0.01 in Fig. 2(b) and Fig. 2(c)), whereas the pro-
file of the auto-ratio of noises has nothing to do with the
two other quantities. From this result, one can conclude
that the mixed cross-noise is a measure of the efficiency.
Indeed, for a device to convert electricity to heat or vice-
versa, the charge current in one reservoir has to show
some correlation with the heat current in the other reser-
voir. From Eq. (25) we also see that a vanishing mixed
cross-noise directly cancels the thermoelectric efficiency.
In Fig. 2(c), the efficiency is maximal and equal to one
for eV = 2ε0. However, it does not guarantee a high
output power. Indeed, in the Schottky limit, the charge
current and the heat current (and thus the powers) are
weak since they are proportional to Γ2, which is small
in that regime in comparison to the other characteristic
energies. This is the reason why searching of the max-
imum of efficiency according to the current or voltage
is no longer sufficient and one has also to look for the
maximal efficiency at given power output38,39 in order to
optimize the nano-device.
C. Intermediate regime
Outside the linear response regime and outside the
Schottky regime, i.e., in the intermediate regime, one
needs to perform numerical calculations in order to char-
acterize the behavior of mixed noise since all the energies
that enter into play are of the same order of magnitude.
In Fig. 3 are shown the absolute values of the noises as
a function of voltage and dot energy level, taken in the
same reservoir (p = q) or in distinct reservoirs (p 6= q).
We observe that the charge noise keeps the same sym-
metry whether taken in the same reservoir or in distinct
reservoirs (due to the fact that we have SIIp6=q = −SIIpp ).
5This is no longer the case for mixed and heat noises: the
mixed noise shows a certain asymmmetry as well as the
heat noise taken in the same reservoir. However, the
heat noise in distinct reservoirs presents the same sym-
metry as the charge noise. Thus, when plotting the ratio
of noise (SIJLR)2/|SIILRSJJLR − (SIJLR)2|, the asymmetry in
voltage and dot energy level results from the mixed noise
only.
FIG. 3: Absolute value of the charge noise (left column),
mixed noise (central column) and heat noise (right column)
as a function of eV/Γ and ε0/Γ for kBTL,R/Γ = 1. The black
regions correspond to the lowest values (close to zero) and the
bright ones to the highest values of the noises.
Finally, we plot in Fig. 4 the difference in percent be-
tween the ratio (SIJLR)2/|SIILRSJJLR − (SIJLR)2| and the effi-
ciency ηM = |〈JˆR〉/(V 〈IˆL〉)| as a function of voltage and
coupling strength. At low temperature (left graph), three
extended black lines on which the ratio and the efficiency
coincide appear, whereas there are one extended line and
one loop at higher temperature (right graph). In both
case, we observe that the coincidence between the ratio
of noises and the efficiency is not limited to vanishing val-
ues of Γ: it remains valid in regions (appearing in black)
that are quite far from the Schottky limit. This strength-
ens the important role played by the ratio of noises given
above.
IV. EFFICIENCY FLUCTUATIONS
So far, we have been interested in the relation between
the mixed noise and the macroscopic thermoelectric ef-
ficiency, neglecting the possible fluctuations of the lat-
ter quantity. However, like charge and heat currents,
the efficiency is subject to fluctuations and its instan-
taneous value could overcome during a short time the
Carnot efficiency46–49. In this section, we introduce the
notion of efficiency fluctuations and we show that they
are related to the mixed noise.
In the presence of fluctuations, the definition of average
efficiency is no longer the ratio of the average powers of
FIG. 4: Difference in percent between the ratio of noises and
the macroscopic efficiency at kBTL,R/ε0 = 0.001 (left graph)
and kBTL,R/ε0 = 0.1 (right graph) as a function of voltage
and coupling strength between the dot and the reservoirs.
Eq. (12). In place, we propose to define the efficiency
as the time and quantum averages of the output power
operator multiplied by the inverse of the input power
operator, i.e.
η =
1
τ2
∫ τ
0
dt′
∫ τ
t′
〈Pˆ out(t)[Pˆ in(t′)]−1〉dt , (26)
where τ is the time measurement and Pˆ in(out)(t) =
〈Pˆ in(out)〉 + δPˆ in(out)(t). This definition ensures the co-
incidence of η with the macroscopic efficiency when one
recovers the classical limit; it makes sense within the as-
sumption of small input power fluctuations avoiding pos-
sible divergence. In the steady state, the time translation
invariance allows one to simplify Eq. (26) to
η =
1
τ
∫ τ
0
〈Pˆ out(t)[Pˆ in(0)]−1〉dt . (27)
Let us consider first an electric generator for which
Pˆ in(0) = JˆR(0) and Pˆ
out(t) = V IˆL(t), assuming that the
voltage does not fluctuate. Using IˆL(t) = 〈IˆL〉 + δIˆL(t)
and JˆR(0) = 〈JˆR〉+ δJˆR(0), and expanding [JˆR(0)]−1 up
to the first order in δJˆR(0), we get:
η = ηM
(
1− 1
τ
∫ τ
0
〈δIˆL(t)δJˆR(0)〉
〈IˆL〉〈JˆR〉
dt
)
, (28)
where ηM = V 〈IˆL〉/〈JˆR〉 is the macroscopic efficiency46.
If one considers instead a refrigerator, the input and
output powers are respectively Pˆ in(0) = V IˆL(0) and
Pˆ out(t) = JˆR(t). Expending [IˆL(0)]
−1 up to first order
in δIˆL(0), we get:
η = ηM
(
1− 1
τ
∫ τ
0
〈δJˆR(t)δIˆL(0)〉
〈IˆL〉〈JˆR〉
dt
)
, (29)
where ηM = 〈JˆR〉/(V 〈IˆL〉).
For both thermoelectric engines, the correction to the
macroscopic efficiency can be written as an integral over
time of the mixed correlator. According to the sign of the
second term in Eqs. (28) and (29), the efficiency could be
6FIG. 5: The product τ∆η as a function of the ratio τV /τ at
τε0/τ = 0.02 and TL,R = 0 for varying values of the tunneling
time τΓ/τ : in the interval [0.001, 0.01] for the top graph and
in the interval [0.01, 0.1] for the bottom graph.
either enhanced or reduced by the fluctuations compared
to the macroscopic efficiency. We study numerically the
behavior of the efficiency change ∆η = η − ηM in the
limit of a time measurement τ being the largest charac-
teristic time. Indeed, in that limit, the efficiency change
resembles the mixed noise of Eq. (1) divided by the prod-
uct of the charge and heat currents. For this purpose, we
introduce the tunneling time τΓ = ~/Γ between the dot
and the reservoirs as well as the time τV = ~/eV . We
plot on Fig. 5 the product τ∆η as a function of τV /τ
for varying values of τΓ/τ , keeping all these ratio much
smaller than one in order to obey the starting assump-
tion. It is remarkable to observe that τ∆η shrinks with
increasing coupling strength (decreasing tunneling time),
in agreement with the fact that the efficiency has to co-
incide with the macroscopic efficiency when one reaches
the classical regime. In contrast, for decreasing coupling
strength (increasing tunneling time) which correspond to
a weak transmitting quantum dot, τ∆η increases and the
efficiency moves away from its macroscopic value. Thus,
the use of macroscopic efficiency to quantify the ther-
moelectric conversions is questionable in the quantum
regime. Indeed, in this latter case, due to fluctuations, a
corrective term is present that can be rewritten for long
measurement as the ratio between the mixed noise and
the product of heat and charge currents.
V. CONCLUSION
Mixed noise has fulfilled much of its promises. In-
deed, we have shown that: (i) this quantity is related to
the thermoelectric figure of merit in the linear response
regime, (ii) it is related to the thermoelectric efficiency in
the Schottky regime, and (iii) it is related to the efficiency
fluctuations. Thus, this quantity deserves to be studied
on the same level as the charge and heat noises, both
theoretically and experimentally. From an experimen-
tal perspective, the challenge is to find a way to measure
such a quantity, whereas from a theoretical point of view,
mixed noise needs to be calculated using more realistic
approaches that include, among others, many channels
and interactions with several baths.
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